We propose a new method to evaluate the Lellouch-Lüscher factor which relates the ∆I = 3/2 K → ππ matrix elements computed on a finite lattice to the physical (infinite-volume) decay amplitudes. The method relies on the use of partially twisted boundary conditions, which allow the s-wave ππ phase shift to be computed as an almost continuous function of the centre-of-mass relative momentum and hence for its derivative to be evaluated. We successfully demonstrate the feasibility of the technique in an exploratory computation.
I. INTRODUCTION
The precise computation of K → ππ decay amplitudes in lattice simulations would be a very important step in our ability to evaluate non-perturbative strong interaction effects in hadronic processes. In particular it would allow us to compute the quantity ε ′ /ε which contains the QCD effects in direct CP-violating decays and to understand the origin of the long-standing puzzle of the ∆I = 1/2 rule. Such calculations have not yet been achieved, primarily due to the technical difficulties in computing the ∆I = 1/2 K → ππ matrix elements and the corresponding disconnected diagrams with sufficient precision.
In the centre-of-mass frame, the relation between K → ππ matrix elements computed in a finite Euclidean volume and the physical decay amplitudes is given by the LellouchLüscher (LL) factor [1, 2] . This relation was generalised to a moving frame, in which the total momentum of the two-pion system is non-zero, in [3, 4] . The LL factor depends on δ ′ (q * ), the derivative of the s-wave phase-shift δ(q * ) with respect to the relative momentum in the centre-of-mass frame q * . Whereas the phase-shift itself can be determined from the two-pion spectrum in the finite volume [5, 6] , the derivative can only be determined by an interpolation or from estimates using chiral perturbation theory or models. The aim of this paper is to demonstrate that for ∆I = 3/2 transitions it is possible to calculate both the phase-shift and its derivative directly at the quark masses used in the lattice simulation.
This can be achieved by using (partially) twisted boundary conditions. This paper is organized as follows. In the next section, we summarise the theoretical background, recalling the expression for the LL-factor and describing the main properties of partially twisted boundary conditions. In this section we also present our procedure for the determination of the derivative of the two-pion phase shift. We then test our proposed procedure in a numerical simulation which is described in sec.III and the results are presented in sec.IV. Finally in sec.V we present our conclusions.
II. THEORETICAL FRAMEWORK
We start with a reminder of why it is necessary to compute the derivative of the phase shift. In an arbitrary moving frame the K → ππ matrix elements in finite and infinite volumes, which we denote by M and A respectively, are related by [1] [2] [3] [4] 
where E is the total energy, E 2 − P 2 = 4(m 2 π + q * 2 ) where P is the total momentum, the ′ denotes differentiation with respect to q * , δ is the s-wave ππ phase-shift and V = L 3 is the spatial volume. The explicit form of the kinematic function φ P can be found in [3, 4] and we do not need to reproduce it here. Our aim in this paper is to explain how δ ′ (q * )
can be calculated directly for ∆I = 3/2 transitions and to demonstrate the feasibility of the proposed procedure in an exploratory lattice computation. In this way the factor relating the finite and infinite volume matrix elements can be determined at the quark masses used in the simulation.
In order to evaluate the I = 2 s-wave phase-shift and its derivative we compute the correlation function 0|π
, where π + and π − are interpolating operators with the correct quantum numbers to create or destroy a π + meson. The time t is chosen to be positive. The precise form of the interpolating operators used in our exploratory simulation will be described in sec. III below; the general argument presented here does not depend on the choice of these operators. With periodic boundary conditions the total momentum of the two-pion system P can take the values P = (2π/L) n, where n is an vector of integers.
From the energy levels of the two-pion system we can then deduce the corresponding phase shifts [5, 7] using Lüscher's quantisation formula:
where n is an integer. In typical simulations 2π/L is several hundred MeV and so the allowed momenta are quantized in large increments making it impossible to calculate reliably the derivative of the phase-shift.
Changing the boundary conditions changes the momentum spectrum and Bedaque proposed exploiting this fact to extend the range of momenta available in lattice applications [8] 1 . For example if we impose the following spatial boundary condition for the u-quark:
then the momentum spectrum of a free π + meson is given by
where the n i are integers. For illustration let us imagine that only θ 1 = 0 and we now drop the suffix and denote θ 1 by θ (the generalization to arbitrary θ is conceptually straightforward).
For θ < π the ground state of the two-π + system then has momentum 2θ/L, corresponding to each pion having momentum θ/L. Boosting to the centre-of-mass frame we find that q * = 0 for all θ so that nothing has been gained by introducing the twisted boundary conditions. This is not true if we add some units of 2π/L to the momentum by performing the corresponding Fourier transform. In this case, q * does depend on θ so that by measuring the two-pion energies with different θ we obtain the phase-shifts at different values of q * .
Since θ can be incremented by arbitrarily small amounts, in this way we can obtain the derivative of the phase shift. This is the main point which we wish to make in this paper.
As an illustrative example let the u-quarks satisfy twisted boundary conditions with angle θ, the d quarks satisfy periodic boundary conditions and the two-pion state be given a further momentum of −2π/L by performing the corresponding Fourier transform. The total momentum of the two-pion state is then P θ = 2(θ − π)/L. We imagine that the matrix elements of the operators appearing in the ∆I = 3/2 weak Hamiltonian have been measured with periodic boundary conditions (i.e. with θ = 0) with a total momentum of −2π/L and that we want to evaluate the corresponding LL factor. We now measure the two-pion ground state energies E θ for a range of values of θ and determine the corresponding centre-of-mass relative momentum q * in the standard way using
The phase shift δ(q * θ ) is obtained from the generalization of the Lüscher quantization condition to a moving frame (2) [3, 4, 10] and its derivative is determined from the observed slope of the results obtained at different values of θ which can be chosen to be arbitrarily close together.
The method proposed in this paper is feasible with the use of partially twisted boundary conditions [11, 12] in which the twisted boundary conditions are applied only to the valence quarks, whereas the sea quarks satisfy periodic boundary conditions. It was shown in [11] that with partially twisted boundary conditions the finite-volume effects remain exponentially small. The practical advantage of not varying the boundary conditions for the sea quarks is that it is not necessary to generate a new ensemble of gauge configurations for every choice of twisting angle; indeed it is this feature which makes the method feasible. Partially twisted boundary conditions have been shown to satisfy the dispersion relation and used in the evaluation of the leptonic decay constant f π [13] , in the evaluation of the electromagnetic form factor of the pion [14] [15] [16] and of K → π semileptonic decay amplitudes [17] .
It is convenient to implement the partially twisted boundary conditions, by introducing a change of quark field variables ψ →ψ:
so that theψ(x) satisfy periodic boundary conditions. The hopping terms in the lattice fermion action now become (for i = 1, 2, 3)
The quark propagator is obtained by inverting the Dirac operator in the gauge field background {e
} where the {U i (x)} are generated from a dynamical Markov chain with sea quarks. The resulting Dirac operator is hermitian and standard conjugate gradient algorithms can be used to invert it.
We end this section with three simple observations. i) With the prescription described above the phase shifts obtained at different values of q * are correlated which, as explained in section IV B, allows for a more precise determination of the slope than would be the case if the errors on the individual points were independent of each other.
ii) The second observation is that the choice of the π + π + state is the most convenient one with which to obtain I = 2 phase-shifts, in spite of the fact that kaons do not decay into π + π + . The π + π + state automatically has I = 2 whereas, because the twisting cancels in the π 0 , it is not possible to symmetrize the π + π 0 state to separate the I = 2 and I = 1 components. The Wigner-Eckart theorem allows us also to obtain
0 matrix elements of the operators in the effective weak Hamiltonian by computing K + → π + π + matrix elements of the corresponding ∆I z = 3/2 operator:
O 3/2 is one of the three ∆I = 3/2 operators:
where i and j are colour indices,
is the corresponding operator with ∆I z = 3/2:
iii) Finally we recall that a finite cubic box breaks rotational invariance and hence mixes different partial waves. For lattice π + π + states with partially twisted boundary conditions in addition to the s-wave, there are also components with l = 2, 4, . . . and the results presented here were obtained under the assumption that only scattering in the s-wave is important in the energy range of interest (which is a good approximation for
This concludes the demonstration that, in principle at least, it is possible to calculate the derivative of the s-wave ππ phase-shift, and hence the Lellouch-Lüscher factor, at the masses and momenta used to calculate the finite-volume K → ππ matrix element. In the following section we test this idea in an exploratory simulation.
III. DETAILS OF THE LATTICE COMPUTATION
We now report on our exploratory numerical study of the ideas proposed in the previous section. The computations are performed on a 16 3 × 32 × 8 lattice with N f = 2 + 1 Domain
Wall Fermions and the Iwasaki gauge action [18] at β = 2.13. Details of the simulation and properties of the ensembles are described in [19] . The bare strange quark mass is fixed at am s = 0.04 and we use two ensembles with light quark masses am u = am d = 0.04 and 0.02. (We will denote the common light-quark mass by m and the strange quark mass by m s .) The lattice spacing was estimated in [19] from the static potential using the value r 0 = 0.5 fm and was found to be 1/a = 1.826(48)(94) GeV (in the chiral limit). Since our goal is to demonstrate the feasibility of the method rather than to obtain precise physical results we will use this value whenever we want to convert our results to physical units. We find that the "pion" masses are am π = 0.364(2) for am = 0.02 and 0.468(2) for am = 0.04 2 .
There are 2595 thermalized trajectories generated for each ensemble [19] . For this study when m = 0.04 we use 250 configurations separated by 10 trajectories, whereas for m = 0.02 we use 120 configurations separated by 20 trajectories. In order to reduce the statistical error, for each configuration we measure correlation functions with two different sources (at t = 0 and t = 16). In addition for each choice of θ = | θ | we perform measurements on each configuration with θ = (θ, 0, 0), (0, θ, 0) and (0, 0, θ). The autocorrelations are studied using the standard binning technique, in which the results from a number of neighbouring configurations are combined in bins and treated as independent measurements. The bin size is increased until the corresponding statistical error stabilizes; for our observables this is the case with bins of size 4 for m = 0.02 and 7 for m = 0.004 (recall that the configurations are separated by 20 and 10 trajectories respectively for the two masses). The bin sizes are a little larger than those found for the observables studied in [19] .
For the interpolating operator for each pion at the source we use the gauge-fixed wall source with momentum projection,
where A( x) is the gauge fixing matrix. In this study we use the Coulomb gauge. The superscript i in O i π stands for initial. At the sink we use a point source
The two-pion interpolating operators are then constructed as the product of the single pion ones,
where P = (2π/L) n and n is a vector of integers. We choose both pions to be created (or annihilated) on the same time slice.
B. Twisted boundary condition
In this calculation partially twisted boundary conditions with twisting angle θ are applied to the u-quarks, while the d-quarks satisfy periodic boundary conditions. Thus, the momenta of free π + -mesons are quantized as
We choose to introduce momenta only in a single direction, the z-direction say, and take a fixed P = (0, 0, −2π/L) for a variety of values of θ ( θ ≡ (0, 0, θ)) with 0 < θ < π/L. The choice of | P | to be the smallest non-trivial Fourier momentum is motivated by the need to keep lattice artefacts as small as possible.
An advantage of the change of variables introduced in Eq. (5) is that the phase factor for momentum θ/L is already absorbed in the quark field. Therefore, the same form of interpolating operator can be used for all twisting angles. 
IV. RESULTS
In this section we present the results of our numerical study. We measure the energies of the two-pion states for a range of values of θ and then use the Lüscher quantization condition to determine the corresponding ππ-phase shift. By choosing the twisting angles to be sufficiently close together we are then able to calculate the derivative of the phase shift and hence the corresponding LL factor. We start however, with a demonstration of the dispersion relation for a single pion as a function of the momentum induced by the twisting angle, p = θ/L. In Fig.2 we plot the measured value of E 2 as a function of p 2 ≡ | p | (8) respectively (to convert the pion msses into physical units, recall that the lattice spacing a obtained from the Sommer scale is approximately given by 1/a = 1.83 (5)(9)). In ref. [19] the residual mass for this action was found to be approximately m res ≃ 0.011 and using this value the ratio of pion masses is as expected from the PCAC relation.
As is now well established (see for example ref. [13] ), the dispersion relation is well satisfied. The small difference in the theoretical curves at larger values of the momentum is due to O((ap) 4 ) terms. As the momenta approach p 2 = (2π/L) 2 ≃ 0.154, the smallest momentum which is accessible with periodic boundary conditions, there is a small discrepancy visible between the results of the lattice calculation and the continuum dispersion relation for the m = 0.04 case. For the purposes of this feasibility study we neglect this difference.
A. The energies of the two-pion states and the corresponding phase shifts.
In this exploratory study we calculate the derivative of the phase-shift by using the simple
where q * i and q * i−1 are neighbouring values of q * . Since both the numerator and denominator are small quantities, it is necessary to exploit the fact that all the quantities on the righthand side of (16) are calculated on the same configurations and are therefore correlated.
This can be achieved by fitting all the necessary quantities, i.e. the q * i and corresponding phase-shift, simultaneously.
We start by considering the interaction energy
where E ππ is the energy of the two-pion state and p 1 and p 2 are the corresponding momenta of each of the pions if there were no interactions between them. The results for ∆E for m = 0.02 obtained by measuring E ππ and m π and boosting to the centre-of-mass frame are shown as the red squares in Fig.3 . From our numerical study however, we find that the errors in ∆E can be significantly reduced if instead of using eq. (17) we use
where E π,1 and E π,2 are the measured energies of free pions with momenta p 1 and p 2 respectively. By performing a jackknife analysis of the right-hand-side of (18), we can take the correlations between E ππ and E π,1 + E π,2 into account. The results are plotted as the black circles in Fig.3 , from which we see that the errors are decreased by more than a factor of 2.
As the input two-pion energies into the Lüscher quantisation formula we therefore take
The single-pion correlation functions are fit to the standard form where i = 1 or 2 and T = 32 is the temporal extent of the lattice.
The leading behaviour of the two-pion correlation function takes the form:
where the second term on the right-hand side is the contribution in which each of the two-pion interpolating operators destroys one pion and creates another, so that one pion propagates from 0 to t and the other from t to T . Denoting the energies of the two pions in the second term by E π,1 and E π,2 then D = |E π,1 − E π,2 | and C is proportional to e −(E π,1 +E π,2 )T /2 . In the first term A is proportional to e −EππT /2 and so, except in the vicinity of t = T /2, the first term in (21) dominates the second.
By simultaneously fitting C π,1 (t), C π,2 (t) and C ππ (t) to the forms in eqs. (20) and (21) all the necessary quantities can be determined. We find however that the errors are reduced if we simultaneously fit the correlation functions C π,1 (t), C π,2 (t) and the ratio R ππ (t) ≡ C ππ (t)/C π,1 (t)C π,2 (t) and the results quoted in the tables were obtained in this way. (To speed up the minimization of χ 2 , we found it useful to first fit C π,1 (t), C π,2 (t) and C ππ (t) and then to use the resulting parameters as the starting values in the fits for C π,1 (t), C π,2 (t) and R ππ (t).) The fit ranges for C π,1 (t) and C π,2 (t) have already been determined from the standard effective mass plots. For the two-pion correlation functions C ππ (t) we find that the range t ∈ (8, 17) is consistent for all twisting angles and for both values of the quark mass and we use the same range for R ππ (t). Since our final goal is to determine ∂δ/∂q * , having a single fitting range for all the twisting angles simplifies the analysis.
The energies of the ππ states are given in Tables.I and II for the two values of the light quark mass. In these tables we also give the values of the energy shift ∆E, the relative momentum in the centre-of-mass frame q * and the phase shift. The state with the largest total momentum has the largest total energy as expected, but it also has the smallest relative momentum q * because of the boost factor. In Fig.4 and Fig.5 , we plot ∆E in the centre-ofmass frame and the phase-shift as a function of q * . ∆E CM is obtained from the measured value of ∆E in the moving frame (see eq. (18) ) by ∆E CM = γ ∆E, where the boost factor configurations, leading to a smaller variation of the slope.
There are many ways in which the derivative can be determined numerically. We choose to use the most simple-minded one, i.e. the simple ansatz in eq. (16) . Note that the ansatz provides the derivative most accurately at the mid-point between q i and q i−1 . We therefore evaluate φ P ′ (q * ) in the Lellouch-Lüscher factor (1) at the same point, (q i + q i−1 )/2.
The results for the derivative of the phase-shift, together with the derivative of the kinematical function φ P which is also an ingredient of the LL factor (see (1) ) and the LL factor are presented in Tables III and IV in ∂δ/∂q * , which contains the finite-volume corrections due to the interactions of the two pions. We see from Tables III and IV that although ∂φ P /∂q * is larger than ∂δ/∂q * they have the opposite sign, so that the effect of the latter is indeed significant.
V. CONCLUSIONS
In this paper we have proposed a method for calculating the derivative of the s-wave I = 2 ππ phase shift directly in lattice calculations. This enables us to evaluate the Lellouch- Lüscher factor which relates the finite-volume K → ππ matrix elements to the corresponding physical decay amplitudes at the quark masses and lattice volumes being simulated. The method relies on the use of partially twisted boundary conditions, allowing for the two-pion energies, and hence the corresponding phase-shifts, to be evaluated as a function of the centre-of-mass relative momenta.
The feasibility of the method was successfully tested in an exploratory computation.
The phase shift was calculated as an almost continuous function of q * and the correlations between the points in Fig. 5 allows a reliable determination of the LL factor as illustrated in figs. 6 and 7. Although the volume of our lattice was small (L ≃ 1.9 fm), this study does give us confidence that the technique can now be applied to a more physically realistic computation of ∆I = 3/2 K → ππ matrix elements, such as that currently being undertaken by the RBC-UKQCD collaboration [20] .
We see from Tables III and IV that although θ varies from 0 to π and the total momentum varies from 2π/L to 0, the boost back to the centre-of-mass frame results in a very limited range of values of q * and hence we only evaluate the phase-shift and its derivative in this limited range. Nevertheless, this method allows us to evaluate the Lellouch-Lüscher factor for ∆I = 3/2 K → ππ decays for any kinematics which can be used with periodic or antiperiodic boundary conditions. For example, one could imagine calculating the K → ππ amplitude with total momentum 2π/L and then use the technique proposed in this paper to determine the corresponding Lellouch-Lüscher factor. In this case, the derivative would be evaluated from the behaviour of the phase-shift with small twisting angles. As a second example imagine introducing anti-periodic boundary conditions for the u quark in the zdirection say, and calculating the matrix element between a kaon at rest and two pions with momenta ±π/L. In this case one would determine the derivative from the behaviour of the phase-shift with twisting angle θ z close to π.
Disappointingly, as explained in [11] , the breaking of isospin symmetry induced by choosing different boundary conditions for the u and d quarks means that the method cannot be applied to ∆I = 1/2 transitions. In that case, even in the free theory, the π + π − state has a different energy from the π 0 π 0 state.
